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Throughout this paper, B will mean a ring with prime characteristic
p, D a derivation of B. We denote by B[X;D] the skew polynomial ring
de¯ned by aX = Xa+D(a) (a 2 B). By B[X;D](0), we denote the set of
all monic polynomials g in B[X;D] such that gB[X;D] = B[X;D]g. A ring
extension T=S is called a separable extension, if the T -T -homomorphism
of T ­S T onto T de¯ned by a ­ b ! ab splits, and T=S is called an H-
separable extension, if T ­S T is T -T -isomorphic to a direct summand of
a ¯nite direct sum of copies of T . As is well known every H-separable
extension is a separable extension. A polynomial g in B[X;D](0) is called
separable (resp. H-separable) if B[X;D]=gB[X;D] is a separable (resp.
H-separable) extension of B. A ring extension B=A of commutative rings
is called a purely inseparable extension of exponent one with ±, if AB is
a ¯nitely generated projective module of ¯nite rank and Hom(AB;AB) =
B[±], where ± is a derivation of B and A = fa 2 Bj±(a) = 0g. (cf. [2], [10],
[11])
In this paper, we shall use the following conventions.
Z = the center of B.
VB(A) = the centralizer of A in B for a ring extension B=A.
u` (resp.ur) = the left (resp. right) multiplication e®ected by u 2 B.
BD = fa 2 BjD(a) = 0g, where D is a derivation of B.
DjA = the restriction of D to a subring A of B.
DerA(B) = the set of all A-derivations of B.
Iu = the inner derivation e®ected by u, that is, Iu = u` ¡ ur.
In the previous paper [7], we have studied purely inseparable exten-
sions of exponent one and H-separable polynomials in the skew polynomial
rings of derivation type over non commutative rings. In particular we con-
sidered Azumaya algebras whose centers are purely inseparable extensions
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of exponent one over their constant rings. Then we constructed new Azu-
maya algebras. In this paper, some results in [7] will be generalized and
sharpened. For example, in [7] we have proved the following: Let B be an
Azumaya Z-algebra, D a derivation of B, and ± = DjZ. Assume that Z=Z±
is a purely inseparable extension of exponent one with ±, and ± satis¯es the
minimal polynomial tp
e
+ tp
e¡1
®e+ ¢ ¢ ¢+ tp®2+ t®1(®i 2 Z±). If there exists
an element u in BD such that Dp
e
+ ®eDp
e¡1
+ ¢ ¢ ¢ + ®2Dp + ®1D = Iu,
then B[X;D] is an Azumaya Z±[f ] -algebra, where f = Xp
e
+Xp
e¡1
®e +
¢ ¢ ¢ + Xp®2 + X®1 ¡ u. ([7, Theoren 2.4]). Since B is separable over Z,
it is clear that Dp
e
+ ®eDp
e¡1
+ ¢ ¢ ¢ + ®2Dp + ®1D = Iu for some u in B.
It is important that u is contained in BD, which is assumed in the above.
However, necessarily we can take such u in BD (Theorem 2). Moreover,
we have more results when we can take Iu = 0 (Theorem 5).
First, we shall state the following lemma which is immediate by [4 ,
Theorem 4.1].
Lemma 1. Let Z be a commutative ring of prime characteristic p.
Let f = Xp
e
+Xp
e¡1
®e+ ¢ ¢ ¢+Xp®2+X®1+®0 (®i 2 Z±) be in Z[X; ±](0).
Then f is a separable polynomial in Z[X; ±] if and only if there exists an
element c in Z such that
±p
e¡1(c) + ®e±p
e¡1¡1(c) + ¢ ¢ ¢+ ®2±p¡1(c) + ®1c = 1:
Now, we are in a position to prove the following theorem which is a
sharpenning of [7, Theorem 2.4, Proposition 2.6] and a generalization of
[3, Theorem4.1].
Theorem 2. Let B be an Azumaya Z-algebra, D a derivation of B,
and ± = DjZ. Assume that Z=Z± is a purely inseparable extension of
exponent one with ±, Z is a projective module over Z± of rank pe, and ±
satis¯es the minimal polynomial
tp
e
+ tp
e¡1
®e + ¢ ¢ ¢+ tp®2 + t®1(®i 2 Z±):
Then there exists an element u in BD such that
Dp
e
+ ®eDp
e¡1
+ ¢ ¢ ¢+ ®2Dp + ®1D = Iu:
Proof. Since B is separable over Z and the derivationDp
e
+®eDp
e¡1
+
¢ ¢ ¢+ ®2Dp + ®1D equals to zero on the center Z, it is an inner derivarion
of B. Hence there is an element w 2 B such that Dpe + ®eDpe¡1 + ¢ ¢ ¢ +
®2D
p + ®1D = Iw: Since ®i 2 Z±, we have DIw = IwD. Hence D(w) 2
Z. Since Z=Z± is a purely inseparable extension of exponent one with
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±, Xp
e
+ Xp
e¡1
®e + ¢ ¢ ¢ + Xp®2 + X®1 is an H-separable polynomial in
Z[X; ±] ([5, Theorem 3.3]), so it is separable polynomial in Z[X; ±]. Then
by Lemma 1, there exists an element c in Z such that
±p
e¡1(c) + ®e±p
e¡1¡1(c) + ¢ ¢ ¢+ ®2±p¡1(c) + ®1c = 1:
By Leibniz' formula, we obtain
Dp
j¡1(cw) =
pj¡1X
º=0
µ
pj ¡ 1
º
¶
Dp
j¡1¡º(c)Dº(w)
= ±p
j¡1(c)w +
pj¡1X
º=1
µ
pj ¡ 1
º
¶
±p
j¡1¡º(c)Dº(w) (j ¸ 1):
Since
Ppj¡1
º=1
¡
pj¡1
º
¢
±p
j¡1¡º(c)Dº(w) 2 Z, we see that
Dp
j¡1(cw) = ±p
j¡1(c)w + (some element in Z) for all j ¸ 1:
Hence we have
w = (
eX
j=0
®j+1±
pj¡1(c))w
=
eX
j=0
®j+1(Dp
j¡1(cw)) + (some element in Z):
Since
D(
eX
j=0
®j+1(Dp
j¡1(cw))) =
eX
j=0
®j+1D
pj (cw) = Iw(cw) = 0;
we have w 2 BD + Z. Then w = u+ z, for some u 2 BD and z 2 Z, and
so Iw = Iu.
It is well known that if B is an Azumaya Z-algebra, then every deriva-
tion on Z can be extended to a derivation of B (M. A. Knus [8]). Hence
in Theorem 2, such D always exists. In the proof of Theorem 2, we used
only the separability of f = Xp
e
+Xp
e¡1
®e+ ¢ ¢ ¢+Xp®2+X®1 2 Z[X; ±].
Hence by [4, Theorem 4.1] we have the following
Corollary 3. Assume that Xp
e
+Xp
e¡1
®e+ ¢ ¢ ¢+Xp®2+X®1+®0 is
a separable polynomial in Z[X; ±]. Let B be an Azumaya Z-algebra. Then
there exists a derivation D of B which is an extention of ± and an element
u in BD such that Xp
e
+Xp
e¡1
®e+ ¢ ¢ ¢+Xp®2+X®1+®0¡u is a separable
polynomial in B[X;D].
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Under the same situation of Theorem 2, we already have the following
([7, Proposition 2.3 and Theorem 2.4])
(1) f = Xp
e
+Xp
e¡1
®e+¢ ¢ ¢+Xp®2+X®1¡u is an H-separable polynomial
in B[X;D].
(2) B[X;D] is an Azumaya Z±[f ]-algebra, VB[X;D](B) = Z[f ], and
VB[X;D](Z) = B[f ].
(3) B[X;D](0) = f h(f) j h(t) is a monic polynomial in Z±[t]g.
(4) f g 2 B[X;D] j g is an H-separable polynomial in B[X;D]g = f f +
z j z 2 Z±g.
Moreover, we have the following which is a generalization of [5, The-
orem 3.4]
Proposition 4. Let Ã : Z±[t](0) ! B[X;D](0) be de¯ned by Ã(g0(t)) =
g0(f).
(1) Ã indeuces a one-to-one correspondence between Z±[t](0) and B[X;D](0).
(2) For g0(t) 2 Z±[t](0), g0(t) is a separable polynomial in Z±[t] if and only
if B[X;D]=g0(f)B[X;D] is a separable Z±-algebra. Moreover, the center
of B[X;D]=g0(f)B[X;D] is isomorphic to Z±[t]=g0(t)Z±[t].
Proof. (1) is clear from the statement (3) under Corollary 3.
(2) Since B[X;D] is an Azumaya Z±[f ]-algebra, the center of
B[X;D]=g0(f)B[X;D] is (Z±[f ] + g0(f)B[X;D])=g0(f)B[X;D], which is
isomorphic to Z±[t]=g0(t)Z±[t]. Then the assertion is immediate by [1, The-
orem 2.3.8].
In Theorem 2, if VB(BD) = Z, then obviously Iu = 0. Conversely,
if Iu = 0, that is, Dp
e
+ ®eDp
e¡1
+ ¢ ¢ ¢ + ®2Dp + ®1D = 0, then we have
VB(BD) = Z. This will be proved in the following theorem.
Theorem 5. Let B be an Azumaya Z-algebra, D a derivation of B,
and ± = DjZ. Assume that Z=Z± is a purely inseparable extension of
exponent one with ±, and ± satis¯es the minimal polynomial tp
e
+ tp
e¡1
®e+
¢ ¢ ¢+ tp®2 + t®1(®i 2 Z±). If Dpe +®eDpe¡1 + ¢ ¢ ¢+®2Dp+®1D = 0, then
there hold the following:
(1) B = BDZ = BD ­Z± Z, BDB is a ¯nitely generated projective module.
(2) BD is an Azumaya Z±-algebra, and VB(BD) = Z.
(3) Hom(BDBBD ;BDBBD) = Z[D] = Z © ZD © ZD2 © ¢ ¢ ¢ © ZDpe¡1 .
(4) DerBD(B) = ZD © ZDp © ¢ ¢ ¢ © ZDpe¡1 : In particular, DerZ±(Z) =
Z± © Z±p © ¢ ¢ ¢ © Z±pe¡1.
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(5) B[X;D] and Z[X; ±] are Azumaya Z±[f ]-algebras and B[X;D]=Z[X; ±]
­Z±BD = Z[X; ±]­Z±[f ] BD[f ], where f = Xpe +Xpe¡1®e + ¢ ¢ ¢+Xp®2 +
X®1.
Proof. We de¯ne the map ¿ : B ! B by
¿(b) =
eX
j=0
®j+1D
pj¡1(b):
Since Dp
e
+®eDp
e¡1
+ ¢ ¢ ¢+®2Dp+®1D = 0, ¿ is a BD¡BD-map, and the
image is contained in BD. Since Z=Z± is a purely inseparable extension of
exponent one with ±, it follows from [5, Theorem 3.3(d)] that there exist
xi; yi 2 Z such thatX
i
±p
e¡1(xi)yi = 1 and
X
i
±k(xi)yi = 0 (0 · k · pe ¡ 2):
We de¯ne the map 'i : B ! BD by 'i = ¿(xi)r. Then we haveX
i
'i(b)yi =
X
i
¿(bxi)yi
=
X
i
eX
j=0
®j+1D
pj¡1(bxi)yi
=
X
i
eX
j=0
®j+1
pj¡1X
º=0
µ
pj ¡ 1
º
¶
Dp
j¡1¡º(b)±º(xi)yi
=
eX
j=0
®j+1
pj¡1X
º=0
µ
pj ¡ 1
º
¶
Dp
j¡1¡º(b)(
X
i
±º(xi)yi)
= b: (b 2 B)
This shows that B = BDZ, and BDB is a ¯nitely generated projective
module. Since B »= BD ­Z± Z is an Azumaya Z-algebra and Z± is a direct
summand of Z, BD is an Azumaya Z±-algebra by [1, Corollary 1.1.10].
B = BDZ implies VB(BD) = Z. This complets the proof of (1) and (2).
(3) Let ' be in Hom(BDBBD ;BDBBD). Then we have
'(b) =
X
i
¿(bxi)'(yi): (b 2 B)
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Since VB(BD) = Z, it is easy to see '(Z) ½ Z. Hence we obtain
'(b) =
X
i
'(yi)¿(bxi)
=
X
i
'(yi)
eX
j=0
®j+1
pj¡1X
º=0
µ
pj ¡ 1
º
¶
±p
j¡1¡º(xi)Dº(b):
This implies that ' 2Ppj¡1º=0 ZDº . Since f = Xpe +Xpe¡1®e + ¢ ¢ ¢+
Xp®2+X®1¡u is anH-separable polynomial in B[X;D],1;D;D2;¢ ¢ ¢;Dpe¡1
are linearly independent over Z ([7, Lemma 2.1]). Thus we have
Hom(BDBBD ;BDBBD) = Z[D] = Z © ZD © ZD2 © ¢ ¢ ¢ © ZDpe¡1.
(4) Let ¢ be any derivation in DerBD(B). By (3), we have
¢ =
Ppe¡1
k=1 zkD
k (zk 2 Z). (Note that ¢ has no constant term). For
any a; b 2 B, we obtain
¢(ab) =
pe¡1X
k=1
zk(
kX
º=0
µ
k
º
¶
Dk¡º(a)Dº(b))
=
pe¡1X
º=0
(
pe¡1X
k=º
µ
k
º
¶
zkD
k¡º(a))Dº(b):
On the other hand
¢(a)b+ a¢(b) = (
pe¡1X
k=1
zkD
k(a))b+
pe¡1X
º=1
azºD
º(b):
Since 1; D;D2; ¢ ¢ ¢ ; Dpe¡1 are linearly independent overB ([7, Lemma 2.1]),
we obtain
azº =
pe¡1X
k=º
µ
k
º
¶
zkD
k¡º(a) (a 2 B; 1 · º · pe ¡ 1);
and hence,
pe¡1X
k=º+1
µ
k
º
¶
zkD
k¡º = 0:
Since 1; D;D2; ¢ ¢ ¢ ; Dpe¡1 are linearly independent over B again, we haveµ
k
º
¶
zk = 0 (1 · º < k · pe ¡ 1):
Then by the same arguments in the proof of [5, Theorem 3.1], we see that
¢ is in ZD © ZDp © ¢ ¢ ¢ © ZDpe¡1 . This completes the proof of (4).
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(5) is immediate by [1, Theorem 2.4.3].
Under the same situation of Theorem 5 we have the following
Corollary 6. Let ¢ be an another derivation of B which is an ex-
tension of ±. If B¢ = BD, then ¢ = D.
Proof. By Theorem 5(4), ¢ =
Pe¡1
j=0 zjD
pj (zj 2 Z). Since ¢jZ =
DjZ = ±, we have ± = Pe¡1j=0 zj±pj , and so z0 = 1 and zj = 0 (1 · j ·
e¡ 1).
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